In this paper, we establish a new uniqueness result of a (continuous) viscosity solution for some integropartial differential equation (IPDE in short). The novelty is that we relax the so-called monotonicity assumption on the driver, assumption which is classically assumed in the literature of viscosity solution of equation with a non local term. For this, we first establish estimates of the solution of the related BSDE with jumps before proving both existence and uniqueness in an appropriate class of functions.
Introduction
In this paper, we establish a new contribution to the existing literature about viscosity solution and more precisely concerning the (viscosity) solutions of second order integro-partial differential differential equations. A good introduction of this theory of viscosity solutions can be found in the book Crandall-Ishii-Lions (see [5] )
which gives a precise definition of what is a viscosity solution for a partial differential equation.
To be more precise, let us introduce below the form of such non linear second order PDE −∂ t φ(t, x) − b(t, x)∇φ(t, x) − Tr a(t, x)∆φ(t, x) − f (t, x, φ(t, x), ∇φ(t, x)) = 0. φ(T, x) = g(x), if t = T, (1.1)
We stress the point that such a second order PDE is naturally associated with some Backward stochastic differential equation in a Markovian setting: such a (Markovian) BSDE is given by the following forward-backward system        dX t,x t = b(t, X t )dt + σ(t, X t )dW t , X 0 = x;
T ), where the non linear term in (1.1) corresponds to the driver of the BSDE and the second order operator (involving both first and second order differential) corresponds to the infinitesimal generator L X associated with the forward diffusion X and given by with the functional u which is deterministic and Y t,x t standing for the time t value of the solution of the Markovian BSDE with the two following data: the terminal condition g(X t,x T ) and driver (s, ω, y, z) → f (s, X t,x s (ω), y, z). In this study, we consider a non linear integro partial-differential equation (or IPDE in short) with an extra term referred as the non local term: this non local term appears both on the linear part (i.e. the infinitesimal generator L X explicited in (2.6) in the second section) and on the non linear part corresponding to the driver in BSDE literature (in the case of a non linear iPDE). Our main aim is to provide existence and uniqueness of a continuous viscosity solution for a quite general non linear integro-differential partial equation: to do this, we deeply rely on the connection between the IPDE and some explicit BSDE with jumps which is again given by an extension to the case with jumps of the formula (1.2). Using both this previous relation as well as standard results for BSDE with jumps, it allows to provide fine estimates of the solution and then establish a uniqueness result for the viscosity solution in an appropriate class of functions.
The main difficulty we are facing in the present paper is that we want to prove existence and uniqueness of a solution in the viscosity sense without assuming the so-called monotonicity condition on the driver with respect to its non local term. Under this previous assumption or even assuming that the non local term only affects the linear part (i.e. L X ) and does not appear in the driver term, existence and uniqueness results for viscosity solutions of such iPDE are obtained in the following (far non exhaustive) list of papers [1] , [2] , [3] , [4] , [10] and [11] . To the best of our knowledge, all existing proofs of uniqueness are established by assuming this condition on the non local term. Indeed, when dropping this assumption, one cannot apply the classical Ishii's lemma and hence the comparison result, which is the main tool used to prove uniqueness in the viscosity sense, does not hold any more. To face this problem, we rather rely on the BSDE representation to obtain estimates of the solution:
more precisely, we first establish some kind of local Lipschitz property: this is a crucial step since our uniqueness result is obtained in this specific class of Locally Lipschitz functionals. Therefore, by relaxing this monotonicity condition on the local term, we re-establish in a new context the strong connection between solution of BSDE with jumps and solution in viscosity sense of related iPDEs.
The outline of the paper is as follows: in the following second section, we provide all the necessary notations, assumptions and preliminary results of this study and we conclude by giving the statement of our main result. In the third and fourth sections, we proceed with the two main steps of the proof: in Section 3, we provide a proof of the estimates of the solution of the BSDE with jumps associated with the integro partial differential equation.
Section 4 is devoted to the proof of our new existence and uniqueness result for the general class of IPDE we are interested in. Finally, in a last paragraph, a generalization to the reflected case is provided.
Preliminaries and main results

Framework of the study
For sake of clarity, let us give the framework of our study as well as some notations which shall be used throughout the paper. In particular, we shall deeply rely on the relationship between the (viscosity) solution of some IPDE and the solution of the related BSDE with jumps. Therefore and for sake of completeness, we need to explain what is the stochastic framework and next give the connection with the integro-partial differential equation we shall study.
Throughout the paper, we consider a standard probability space (Ω, F , P), endowed with the so-called The (Wiener-Poisson) filtration F , which is generated by both B and the Poisson random measure and completed by all the P-null sets, satisfies the usual hypotheses (it is right continuous and complete).
In such a context, the multidimensional BSDE with jumps we are interested in can be decomposed in k equations of the form: i.e. for each i in {1, · · · k},
with the process Y which is R k -valued (k ≥ 1). We note that the setting is a Markovian one in the sense that the randomness of the data of the BSDE (i.e. f i and g whose properties are given below) comes from the jump diffusion process X. This process X := X t,x solves the following stochastic differential equation
In such a setting, the BSDE with jumps (2.1) is characterized by two data: the terminal condition ξ = g(X T ), which is an R k valued F T -measurable random variable, and for each
In addition, as in [2] , we impose that the driver admits a special dependence with respect to its "jump" component u: i.e; for each i, f (i) can be written under the following form
with γ which is in L 2 (µ(de) ⊗ ds) (ensuring that the last integral term exists using Cauchy Schwartz).
Throughout all the paper, the following standing assumptions on b, σ, β, γ, on the one hand and on the two data of the BSDE i.e. (f i ), g := (g i ) on the other hand, are in force:
The functionals b = (b(t, x)) and σ = σ(t, x), β and γ := (γ s (e)) satisfy (i) there exists some constant C (which can be chosen uniformly with respect to t and x)
(ii) the following global Lipschitz property (w.r.t x) holds
where, in the two previous inequalities, C stands for another constant.
H 2 For each i, all functionals x → g i (x) and (s, x, 0, 0, 0) → f i (s, x, 0, 0, 0) satisfy the polynomial growth assumption w.r.t. x: i.e., there exist some constant C and integer p s.t.
satisfies the following global Lipschitz property:
H 4 For each i = 1, · · · , k, the i-th component of the driver f depends on z and u only throught their i-th
. For each i =, it is globally Lipschitz w.r.t. x, y,
H 5 In addition to the structural condition (2.3) on each driver f i , the functional γ verifies the following Lipschitz
The two assumptions (2.3) and (2.4) on the family of drivers which are already imposed in [2] are some structural conditions which are deeply used to get the estimates provided in (2.7) in Theorem 2.3 (see the end of this section). Now and for completeness, let us explain why the last integral term in the functional h is well defined when assuming (2.4): due to the square integrability (with respect to measure µ(de)), of the two functionals u := (u s (e)) and γ := (γ(s, e)) it holds that e → u s (e)γ s (e)) is in L 1 (µ(de)) : indeed using the Cauchy-Schwarz' inequality, we derive
We say that a triple of processes (Y, Z, U ) is a solution of the BSDE (2.1) if it verifies the system of equations in (2.1) and if each component is such that
Therefore and under the previous assumptions on the family of driver f i , it holds that
which allows to define all the integral terms in (2.1).
For completeness, we provide below the statement of existence and uniqueness of the solution of (2.1) (a complete proof can be found in [12] ):
on the data of the BSDE with jumps, there exists a unique triple of processes (Y, Z, U ) solving BSDE (2.1).
It is characterized as the unique fixed point in the Banach product space
of the following map: Φ : (Y, Z, U ) → (Ȳ ,Z,Ū ) defined from B into itself and which to any triple (Y, Z, U )
Connection with integro partial differential equations
Let us now explain the connection with some specific integro-partial differential equation (IPDE in short): in such a Markovian setting, one can relate the BSDE with jumps to the following system of IPDEs (composed of
where
stands for the family of k functionals and where the infinitesimal generator L X of the process X t,x is given as follows: for any smooth
For completeness, we provide here a precise definition of viscosity solution for the IPDE 2.5 (definition given in [2] ). For sake of clarity and whatever the functional φ (smooth) and u i continuous are, let us now introduce the following new operatorL X φ defined as follows
with the term K δ (u i , φ) which should replace K(φ) in the expression of the operator L X in (2.6). We now give the definition both for
. standing for the first order Taylor expansion wrt to x of the smooth functional φ, and
1 Smooth means that is is in the class C 1,2 ([0, T ] × R) of functions once differentiable with respect to t and twice differentiable with respect to x
Remark
We stress here one fundumental difference between this present work and previous ones in the literature: in particular, in the paper [2] , the authors establish uniqueness of the viscosity solution in the following class
which is larger than the class U consisting of all deterministic continuous functionals φ satisfying
This last condition corresponds to some kind of locally Lipschitz condition (w.r.t. variable x and uniformly in t).
We mention that we shall establish our uniqueness result inside the class U and thus in our definition of viscosity solution, we restrict to functional in that class.
The main difference is that assuming that v is in the class W, the functional (t,
, is not square integrable w.r.t. to measure µ(de): therefore and in that case, this requires the introduction of the operator B(u, φ) just above.
In our case, we note that, for any u in the class U, the following integral term
is well defined: therefore, in our definition and contrary to the paper [2], we do not need to introduce the operator B(u, φ) in the non linear part of the ipde, which leads to the following definition: Definition 2.2. We say that a deterministic family of deterministic functionals u = (u i ), such that u i is to be in the class U for each i, is a continuous viscosity sub-solution (resp. super-solution) of ipde (2.5) if and only if, for any i,
(ii) For any smooth functional (t, x) → φ(t, x, any (t, x) in [0, T ] × R k which is a global maximum point of u i − φ (resp. a global minimum point of u i − φ), one has
We conclude this preliminary section by stating below the two main results of this paper (their proof is given in the following two sections) 
is jointly continuous in (t, x) and satisfies
We are now in position to give the main result of this paper that is existence and uniqueness of a continuous viscosity solution of the general IPDE (2.5):
Theorem x) ) associated to the time-t value of the unique solution Y i,t,x .
of (2.1) via the FeynmanKac formula
the following viscosity characterization holds (i) Existence result: The family ((u i (t, x)) of deterministic functionals provides a continuous viscosity solution of system (2.5),
(ii) Uniqueness result: The family (u i ) is the unique viscosity solution in the class U (class of functions satisfying (2.7)).
Remark 2.5.
In the following sections devoted to the proof of Theorems 2.3 and 2.4, there are mainly two results to establish.
The first one consists in establishing a priori estimates for the solution of the BSDE with jumps in order to show that the time-t value u i (t,
is in the class U.
The second one consists in proving the two following results:
(i) Existence result: for each (i), the deterministic function u i := (u i (t, x)) given by the Feynman Kac formula provides a viscosity solution of the PDE (2.5),
(ii) Uniqueness result: it is the unique viscosity solution in the class U.
A priori estimates for related backward reflected stochastic differential equation with jumps
Throughout the proof and for sake of clarity, we shall denote by C a generic constant (which may depend on T , on Co(f ) and other constants associated with the data of the diffusion). We stress that it may vary from line to line.
Before proceeding with the proof of Theorem 2.3, we recall that, under standard assumptions (H i ), for i = 1, · · · , 5 and thanks to Theorem 2.1, there exists a unique solution (Y, Z, U ) of the BSDE (2.1) in the Hilbert space , de) ): in addition, this triple is the unique fixed point of the mapping from B into itself which to a triple (Y, Z, U ) associates (Ȳ ,Z,Ū ) satisfyinḡ
Considering the Markovian setting described in previous section, using both classical arguments (see [2] for instance) and the different properties of the data, one has
Thus, relying on the polynomial growth (w.r.t x) of the two data (driver and terminal condition), we obtain
For later use, let us introduce the process Y t,x (resp. Y T (ω))) (resp. related to the BSDE with data ((s, ω, y, z, u) →
. We obtain the following estimates of ∆U :
Finally, by the Lipschitz property (wrt x) of γ (which is in L 2 (µ(de))) one also gets 
with ., . standing for the usual scalar product on R k and the three processes ∆f (R k -valued), ∆Z and ∆U which are defined as follows Taking next the expectation in both sides, transferring the last terms into the left-hand side and since the expectation of the two martingale terms (in the right-hand side) are equal to zero, we get
In the sequel and for sake of clarity, we write Y instead of Y (hence both Y and ∆Y have to be understood as vectors and |Y | stand for the Euclidean norm).
In such a Markovian setting, the functional (t,
) is deterministic and hence:
Using next the Lipschitz property of g (assumed to hold uniforly wrt x), we first obtain that
Therefore, we only need to control the following term: 2E
Using some standard "linearization" procedure we linearize, for each i, all the k one dimensional processes of the form ∆f i : taking the norm of ∆f , it gives
where the notation Y ′ (and similarly Z ′ , U ′ ) refers to one of the three processes associated with the BSDE with following data:
referring to the jump diffusion process starting from x ′ at time t).
Relying both on the assumption (H 2 ) on the driver f and classical inequality 2ab ≤ a 2 ǫ + ǫb 2 (for any strictly positive ǫ), one can successively argue that
where, in the right-hand side of each inequality, the generic constant C depends in particular on C(f ) introduced in (H 2 ). It remains to obtain a control of the last term which is a bit more technical. Relying first on the structure of f with respect to its jump component we derive 
Relying now on the Cauchy-Schwarz inequality (applied to measure µ(de)) and the fact that both processes U , ∆U , γ and ∆γ are in L 2 (ds ⊗ µ(de))), with explicit bounds given by (3.1) and (3.2), we obtain:
with C standing for another generic constant. Finally, from the Lipschitz property (w.r.t. x) of γ, it holds:
Cǫ < 1 and C 3 ǫ < 1 hold, then the squared norms of ∆Z and ∆U (in their Hilbert spaces) appearing in the left-hand sides are compensated by the terms in the right-hand side: thus, one deduces
Applying now the Gronwall's inequality to (t, 4 Viscosity characterization of the solution of the BSDE (Theorem
2.4)
In this section, we give the proof of the main result of this paper given in Theorem 2.4.
For later use, let us first introduce two processes Y := Y t,x andȲ := Y u,(t,x) . Relying on Proposition 2.1 in Section 2, we define the process Y as the unique solution of the following BSDE with jumps
Let us also consider the (deterministic) family of functionals (u
: thanks to Theorem 2.3, it holds that, for each i, u i is in the class U and hence the integral term
is well defined. Therefore on can defineȲ as the solution of the following new BSDE with jumps
s (x, e)μ(de, ds) .
Therefore, our objective is to prove that Y andȲ := Y u , coincide and then deduce from it by using the FeynmanKac formula that (u i ) is the unique viscosity solution of the IPDE (2.5) we are studying.
To sum up the argumention, we proceed with the following two steps (i) Existence result: The family (u i ) related to process Y solving (4.1) via Feynman Kac formula is a viscosity solution to the following standard system of IPDEs
and it also solves
(ii) Uniqueness result: (u i ) := (u(t, x)) is the unique continuous viscosity solution in the class U of the system of IPDEs (4.4)
Remark
Note that, in (4.4), and since we do not assume the monotonicity condition with respect to the non local term
the classical comparison and existence results for viscosity solution do not apply to (4.4) .
For this reason, we introduce the auxiliary system (4.3) whose solution exists, is unique and related to the one of BSDE (4.1) (those claims about the unique viscosity solution of (4.3) are classical results and, for more details, the reader is referred to [2] ).
Proof of the existence result
As explained above, let us consider the family (u i ) associated with (Y i ) which is the unique solution of (4.1) and establish first that it is the unique (viscosity) solution of (4.3).
Noting that equation (4.3) satisfies the monotonicity condition (w.r.t the non local term of the driver which is frozen) and referring here both to Theorem 3.4 and 3.5 in [2] , we obtain both existence and uniqueness of the viscosity solution of (4.3).
Denoting by w := (w i (t, x)) the unique viscosity solution of (4.3), it is also related to the solutionȲ := Y u of the Markovian BSDE (4.2) with its driver independent of the non local term and it is in the class U. 
Proof of the uniqueness result
Let us now establish uniqueness for this equation in the class U: for this, let us assume that there exists another viscosity solution (v := (v i (t, x))) in the class U. Due to this last estimate, we claim that, for each i, the following non local term
is well defined so that we can solve the following equation 6) which is analogous to the previously studied equation (4.3) having for unique solution u. Therefore, equation .2) and on the Feynman-Kac representation, we claim that
the second representation resulting from the first one and from the structure of the jumps of the process X. 
Therefore u i ≡ v i , for each i, and we get that u(t, x) := Y t,x t is the unique viscosity solution in the class U of equation (4.4) , which is the desired result.
Generalization to the reflected case
We mention that the previous result can be generalized without any additional difficulty to the case of reflected BSDE with jumps (naturally related to variational inequality or system of variational inequalities in multidimensional setting). Indeed, this is due to the fact that there exist similar estimates of the variation of the solution (w.r.t. variable x) as the one given in Theorem 2.3: such estimates have been given in the brownian setting in the seminal paper [7] (paper which relates any reflected BSDE with barrier S to some explicit PDE having S for obstacle), successfully generalized in a Wiener-Poisson filtration (see Theorem 3.3 in [6] ) and in the L p setting in [9] .
More precisely, let us assume that the stochastic probability space is a standard one equipped with the Wiener-Poisson filtration introduced in Section 2. On this space, let us consider the following reflected BSDE with jumps
with the following three data: driver f : (s, ω, y, z, u) → f (s, X s , y, z, u), terminal condition the F T -measurable random variable ξ := g(X T ) and (stochastic) lower barrier the process S s := h(X s ). For clarity, we note X s instead of X t,x s the process starting from x at time t. A solution is a quadruple (Y, Z, K, U ) solving system (4.7)
in the space
where A +,2 stands for the space of all non decreasing continuous square integrable processes.
In such a Markovian setting, the (multidimensional)reflected BSDE (4.7) is related to the following (system of) variational inequality (-ties)
.
with ∆u(t, x) := u(t, x + β(x, e)) − u(t, x) , and the infinitesimal generator L X associated with jump-diffusion X defined as in preliminary section 2.
Let us assume once again that all Assumptions H i from i = 1, · · · , 5 hold and that, in addition, the map x → h(x) (associated with the stochastic barrier S := (h(X s )) s ) satisfies
(ii) the same polynomial growth assumption as x → |h(x)| + |f (s, x, 0, 0, 0|: i.e. for some integer p, there exists some C s.t ∀ x, |h(x)| ≤ C 1 + |x| p .
Under those Assumptions, one gets the following result Theorem 1.
(a) There exists a unique quadruple (Y, Z, U, K) solving the reflected BSDE (4.7) in the product space
(b) The Feynman-Kac representation again holds: i.e. defining the deterministic functional u as follows
it satisfies that, for some constant C, C > 0,
(c) The functional u provides the unique viscosity solution in the class U of the variational inequality (4.8).
Remark
We mention here that these new estimates (4.9) are easily obtained by using those for reflected BSDEs given in Theorem 3.3 in [6] and relying on the polynomial growth assumption (w.r.t. x) of the three maps associated with the data (driver, terminal condition and lower barrier) of the reflected BSDE (4.7).
The last assertion concerning the viscosity characterization of u follows by using estimates (4.9) and by mimicking the same argumentation as in Section 4 (for this reason, we refrain from writing again the proof here).
Conclusion
In this paper, we provide a new theoretical result of existence and uniqueness for solutions of some general class of non linear IPDEs. Especially and to our knowledge, there does not exist any study concerning viscosity solutions of such equations without assuming the monotonicity condition on the driver (with respect to its jump component). We note that our result deeply relies on the relationship between the solution of the non linear IPDE and the one of the related BSDE with jumps, relation given by the Feynman-Kac formula. We also mention here that, since the argumentation lies in the obtention of fine estimates of the solution of the BSDE, it can be written without any difficulties both for the multidimensional case as well as for the case of reflected BSDEs (see last section 4.3).
Relying mainly on the Feynman-Kac formula and precise estimates of the candidate to be the solution, we obtain both existence and uniqueness for systems of IPDEs as well as for systems of variational inequalities (recalling that the process associated to the reflection in the BSDE literature plays the role of the obstacle in PDE literature).
As a consequence, this enlarges the class of economic and financial optimizations and/or control problems we can solve and which naturally lead to the study of (integro)-partial differential equations (or system of IPDEs in general). Additionnaly, this study reinforces the interest of using probabilistic tools in order to study PDEs or system of variational inequalities related to optimization problems. Thus, another future application we have in mind is that this new result could be applied to obtain numerical implementations of such IPDEs (mixing both existing methods for PDE and probabilistic tools) .
